We generalize the uniform-gas correlation energy formalism of Singwi, Tosi, Land and Sjölander to the case of an arbitrary inhomogeneous many-particle system. For jellium slabs of finite thickness with a self-consistent groundstate electron density profile, our numerical results for the correlation energy agree well with diffusion Monte Carlo results. For a helium atom we also obtain a good correlation energy. 71.10.-w,71.15.-m,73.21.-b,31.15.-v Typeset using REVT E X 1
Despite eighty years of study, the accurate calculation of the correlation energy of interacting quantal many-electron systems is still a challenge. While quantum Monte Carlo approaches are generally believed to give numerically exact answers for many-boson systems of small to medium size, the fermion sign problem still renders results somewhat uncertain for fermionic cases such as the inhomogeneous electron gas in molecules and solids. Other variational and quantum chemical methods such as the Configuration Interaction approach also have limitations such as a restriction to relatively small systems. Therefore any extension of the repertoire of available approximation methods for many-electron systems represents a potentially useful advance, particularly if it is tractable for systems of very many electrons.
Here we show how a well-known many-body method, the approach of Singwi, Tosi, Land and Sjölander [1] (STLS), can be extended from its original domain of infinite homogeneous electron gases to treat arbitrary inhomogeneous electronic systems. We will show that this extended scheme gives correlation energies of jellium slabs and the helium atom which are close to diffusion Monte Carlo (DMC) and quantum chemical results, respectively. Thus our scheme promises a good treatment of strong inhomogeneity in one to three space dimensions.
Our scheme is illustrated in Figure 1 , in a form that is somewhat different from the original STLS paper [1] , but one that is equivalent for homogeneous systems and that facilitates generalization to inhomogeneous cases. The basic ingredient is the Kubo density-density response function χ, which gives the linear change in electron number density at position r due to a time-dependent perturbation to the external potential at r ′ :
As suggested in Fig. 1 , the poles of the exact χ, in the complex frequency plane, give collective and single-pair excitation energies [2] . From the general fluctuation-dissipation theorem [3] , knowledge of χ also implies knowledge of the exact equilibrium electron pair density distribution n 2 . For the fully degenerate groundstate (T = 0K) case of interest here, this gives
Eq. (2) also introduces the equilibrium electron number density n( r) and the equilibrium pair correlation factor g( r, r ′ ). Knowledge of the exact equilibrium pair density n 2λ ( r, r)
for a range of Coulomb strengths λ (such that V el−el = λe 2 /r 12 ) gives the exact groundstate exchange-correlation energy E xc via the Adiabatic Connection formula [4, 5] . Subtraction of the exchange (λ = 0) part gives the correlation energy
Here the groundstate density is to be held fixed while λ is varied, by application of an external potential ∆V λ ( r), which however does not appear in the final formula [4, 5] .
The essential contribution of STLS was to use the equilibrium pair-density factor g( r, r ′ ) of Eq. (2) in a semi-classical truncation scheme yielding an approximate but closed independent-particle-like evolution equation for the density perturbation δn. Equivalently, they obtained a one-particle-like equation for the density-density response χ. Thus χ is obtained from g. Since g can also be obtained from χ as in Eq. 2, a closed self-consistency loop is obtained for both g and χ, as indicated in the left half of Fig. 1 .
Specifically the truncation scheme of STLS amounts to an assumed factorization of the position-, momentum-and time-dependent two-body classical distribution function f (2) in terms of the the one-body distribution f :
where the true correlation factor g should depend on both the momenta and the time, but this dependence is ignored and g is taken to be the static, momentum-independent equilibrium density correlating factor from eq. (2).
Despite the crudeness of this factorization scheme, the STLS formalism gives excellent correlation energies for both 3D and 2D homogeneous electron gases, up to relatively large values of the inter-electron spacing parameter r s (within about 2% of the 3D diffusion Monte Carlo results [6] for 2 < r s 40, a regime including gases generally regarded as significantly correlated). See Fig. 2 for the 3D case in the range 0.2 ≤ r s ≤ 50.
As a result of the crude factorization (4), the STLS scheme has a number of shortcomings including unphysical negative values of the on-top pair factor g( r, r) and failure to satisfy the compressibility sum rule. Further work addressing these difficulties [8] , [9] , [10] , [11] , [12] did not, however, significantly improve the predicted uniform egas correlation energy. Therefore in the present work we concentrate on generalizing the original semi-classical STLS scheme to inhomogeneous systems. This does not appear to have been attempted previously: bilayered electron gases have certainly been treated [13] , but these are isomorphic to a two-species homogeneous 2D electron gas. We will show that the formalism is tractable for cases of genuine inhomogeneity.
Now the exact time evolution equation for the one-particle classical distribution f is known as the first BBGKY hierarchy equation. It links f to its two-body counterpart f (2) ( r, p, r ′ , p ′ , t) as follows [14] :
and with the factorization (4) followed by linearization about the equilibrium distribution,
, we obtain a closed one-body kinetic equation
Here
δn( r, t) ≡ δf ( r, p, t)d p
where a ν 0 is a classical vector response function giving the density response to an applied force.
In the case of homogeneous electron gases, g is a function only of the separation R ≡ | r − r ′ |, and then
so that the effective pair force W is irrotational and can be expressed as a gradient of a scalar potential, W ( R) = −(∂/∂ R)w(R). Then, assuming δ F ext comes from a potential δV ext and denoting (∂/∂ r ′ ). ν 0 = χ 0 we can use integration by parts (Green's theorem) to
where
and where χ 0 is the bare density-density response. Since we are dealing with a homogeneous gas, translational invariance allows (9) and (10) to be simplified by space-time Fourier transformation, giving
.
This equation can be recognized as a classical version of the density response in the Random
Phase Approximation (RPA), except that the bare coulomb pair potential 4πe 2 /q 2 has been replaced by the effective interaction w(q). STLS applied this theory to the degenerate electron gas by replacing the classical Boltzmann-equation density response χ 0 by the quantal Lindhard response, with excellent results for the correlation energy as shown in Fig. 2 .
In an inhomogeneous system we have, in contrast to the uniform case,
so that there is no scalar potential corresponding to W , and the vector bare response ν 0 from Eq. (8) must be used: the scalar version χ 0 is not sufficient. This is the essential difference between the inhomogeneous case and the homogeneous one. As in the homogeneous case, we postulate that a degenerate Fermi system can be treated via the above semi-classical analysis by using the quantal-Fermi independent-electron response for ν 0 . By perturbation of the occupied independent-electron (Kohn-Sham, KS) orbitals φ j ( r) , we obtained for the quantal response at imaginary frequency iu
where f j is the Fermi occupation factor and G is the Green function for a single electron moving in the groundstate Kohn-Sham potential V KS (r). G can in general be evaluated as a sum over virtual intermediate states. In cases of high symmetry, however, it can be more efficient to solve a one-dimensional differential equation for the left and right Schrödinger solutions that contribute to G [15] . The Coulomb screening conditions (6), (7), (8) for the inhomogeneous case can be written as a Dyson-like "screening" integral equation for the interacting response χ:
We term this the "inhomogeneous STLS" (ISTLS) scheme. To demonstrate its feasibility and accuracy we have carried it out numerically for two highly inhomogeneous but spatially symmetric cases, namely (i) charge-neutral jellium slabs and (ii) a helium atom.
The jellium slabs were first solved in the Local Density Approximation (LDA) to give the selfconsistent groundstate Kohn-Sham potential V LDA KS (z) and density n(z), where z is the space coordinate in the thin dimension of the slab. The Perdew-Wang 1991 [16] parametrization of the QMC uniform-gas exchange-correlation energy was used. Our ISTLS formalism was applied as a "post-functional" giving the correlation energy starting from the fixed V LDA KS (z) , though of course ideally one would choose a V (z) to minimize the total energy including the STLS corrections. Eqs. (2), (7) and (11) - (13) were then implemented. To
perform the iterative refinement of the static pair factor g(r, r ′ ) (i.e. to implement the closed iteration loop on the left side of Fig 1) , we started with a g of Hartree-Fock form based on the occupied KS orbitals from the LDA groundstate. Finally (3) was used. and RPA (dashed line) schemes, the last obtained by setting the pair correlation factor g to unity in Eqs. (7) and (11) - (13) . The thickness of the positive background in each slab is L = 3.815r s a B , to match the available DMC results. Results per electron in the unbounded uniform gas are also shown (closed symbols).
Agreement of E c from our inhomogeneous STLS (ISTLS) theory with the slab DMC data is good, within 3% (and much better for most points). This is comparable to the agreement of STLS with DMC for the uniform 3D gas with 2 ≤ r s ≤ 20 (see Fig. 2 ).
The case of small finite systems such as atoms is more delicate than the jellium slab case because of the need for some form of self-interaction correction (SIC) in the starting KS potential and density. Otherwise (as for example when one uses the simple LDA) unrealistic response functions are obtained. This is partly because the outer parts of the electron distribution are too polarizable within non-SIC theories, as a result of the lack of an asymptotic −e 2 /r potential in V KS . We chose to use the Krieger-Li-Iafrate exchange-only description [18] of the atomic groundstate. This has the advantage of a common potential V KLI ≡ V KS for all orbitals. Our preliminary code applies to closed-subshell atoms, which are spherical and admit an expansion of the Green function and response functions in terms of a discrete angular index ℓ. The explicit spherical form of Eqs. (11) - (13) involves spherical harmonics but is somewhat cumbersome because of the vector character of ν 0 . We also implemented the ISTLS scheme in a spin-resolved variant for atoms with odd electron number. Details will be given elsewhere.
Convergence of the ISTLS iteration seems to be less robust for atoms than it is for jellium slabs. To date we have obtained converged ISTLS results for the correlation energy of the He atom. We obtained a total ISTLS correlation energy of −40.0 milliHartree, within 5%
of the "exact" nonrelativistic value [20] of −42.0 mH . Our number might improve further with use of the "exact" Kohn-Sham potential.
In summary, we have derived an inhomogeneous generalization ("ISTLS") of the rather successful STLS uniform-gas correlation energy formalism: see Fig. 1 and Eqs. (7), (11), (13), (12), (2), and (3). We have shown that ISTLS gives good groundstate correlation energies in some highly inhomogeneous electronic systems. The scheme can of course also be applied to the equilibrium state at finite temperature. Elsewhere we will use it to study excitation energies including, for example, plasmon dispersions. An advantage of the ISTLS scheme is that it can generate pair correlation physics that is "self-tailored" to the system at hand, rather than "stolen" from some reference system as in some density functional schemes, or guessed then optimized as in variational schemes. It does this, moreover, without the need for solving explicit two-body dynamic equations. We speculate that interesting density functionals for the correlation energy might be derived by using the ISTLS scheme with semilocal-density approximations for the bare response ν 0 , somewhat in the manner proposed recently for van der Waals density functionals [21] . 
